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Abstract
This paper is motivated by Ito’s paper ((Hokkaido)Math. J. 22 (1993) 373), in which he constructed
(60, 2, 60, 30)-relative difference sets inSL(2, 5). Chen andLi have shown thatAlt(5), the alternating
group of degree 5, has a (30,2,29,14)-relative difference set (seeDiscreteMath. 256 (2002) 301).These
are the only examples of nontrivial relative difference sets in nonsolvable groups known to the author.
In this paper, we study relative difference sets inAlt(5) and show that there exist exactly two nontrivial
relative difference sets in Alt(5) up to equivalence with the aid of a computer.
© 2004 Elsevier Inc. All rights reserved.
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1. Introduction
Let G be a group of order mu and U a subgroup of G of order u. A k-subset D of G is
called a (m, u, k, )-difference set in G with respect to U if DD(−1) = k + (G − U) in
the group ring C[G] of G with complex number coefﬁcients, where we identify a subset
X of G with an element
∑
x∈X x ∈ C[G] and the set X
(−1) = ∑x∈X x−1. The set D is
also called a relative difference set relative to U and U is called a forbidden subgroup. If
U = 1, then D is an ordinary (m, k, )-difference set. We say that D is trivial if k = 1 or
(u, k) ∈ {(1,m), (1,m− 1)}. Two relative difference setsD1 andD2 in G are equivalent if
D1 = (D2)g for an element g ∈ G and an automorphism  of G.
E-mail address: hiramine@gpo.kumamoto-u.ac.jp
0097-3165/$ - see front matter © 2004 Elsevier Inc. All rights reserved.
doi:10.1016/j.jcta.2004.07.013
180 Y. Hiramine / Journal of Combinatorial Theory, Series A 110 (2005) 179–191
In this paper, we give a classiﬁcation of relative difference sets inAlt (5) using a computer
package GAP.
Theorem. Let D be a nontrivial (m, u, k, )-difference set inAlt (5) relative to its subgroup
U. Then D is equivalent to one of the following:
(i) (m, u, k, ) = (12, 5, 11, 2), U = 〈(1, 2, 3, 4, 5)〉 and D = D1 ∪ D(−1)1 ∪ D2, where
D1 = {(1, 2, 5), (1, 3, 5), (1, 2, 4, 3, 5), (1, 2, 4, 5, 3)} and D2 = {(1, 2)(4, 5), (2, 4)
(3, 5), (2, 5)(3, 4)}.
(ii) (m, u, k, ) = (30, 2, 29, 14), U = 〈(2, 3)(4, 5)〉 and D = D1 ∪ D(−1)1 ∪ D2, where
D1 = {(1, 2, 4), (1, 3, 5), (1, 4, 5), (2, 4, 5), (3, 4, 5), (1, 2, 3, 5, 4), (1, 2, 5, 3, 4),
(1, 2, 5, 4, 3), (1, 3, 2, 4, 5),(1, 3, 4, 2, 5),(1, 4, 2, 3, 5)}andD2 = {(1, 3)(4, 5),(1, 3)
(2, 5), (1, 2)(4, 5), (1, 2)(3, 4), (1, 5)(2, 4), (1, 4)(3, 5), (2, 4)(3, 5)}.
We note that the (30, 2, 29, 14)-difference set as above is equivalent to the one Chen and
Li have shown in [1].
2. Relative difference sets in Alt(5) obtained from afﬁne difference sets
Let D be a nontrivial (m, u, k, )-difference set in Alt (5) relative to a subgroup U of
Alt (5). Then, as DD(−1) = k + (G − U), we have k2 = k + (60 − u), km and
mu = 60. We can further assume that  is even as an involution not contained in U can be
represented an even number of time as differences d1d−12 (= d2d−11 )with d1, d2 ∈ D. Hence
we can easily check that there are exactly three types of possible parameters (m, u, k, ) as
follows:
(i) (12, 5, 11, 2), (ii) (30, 2, 29, 14), (iii) (20, 3, 19, 6). (1)
In this section, we construct relative difference sets of type (i) and (ii). The method is to
use the following lemma.
Lemma 2.1 (Elliot Butson [3]). Let D be a (m, u, k, )-difference set in G relative to U.
If N is a normal subgroup of G of order n contained in U, and if  denotes the canonical
epimorphismG −→ G/N , then (D) is an (m, u/n, k, n)-difference set inG/N relative
to U/N .
First, we construct a (m+1,m−1,m, 1)-difference set in a groupG such thatG/Z(G) 
Alt (5), where Z(G) is the center of G, for m = 11, 29. A relative difference set with such
parameters is called an afﬁne difference set of order m (see [7]). Then, setting a natural
homomorphism  : G −→ G/Z(G) and applying Lemma 2.1, we obtain a nontrivial
relative difference set inAlt (5). Such a groupG has a close connection to the multiplicative
group of the nearﬁeld of order m2 (see [2]).
Let K ×K be a 2-dimensional vector space over K = GF(pe), where p is a prime. We
can regardK ×K as a desarguesian afﬁne plane of order pe. LetP = K ×K \ {O}, where
O = (0, 0) and let L = {a,b | a, b ∈ K, b = 0} ∪ {c | c ∈ K, c = 0} be the set of lines of
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K ×K not through O, where a,b = {(x, ax+ b) | x ∈ K}, c = {(c, y) | y ∈ K}. Clearly
GL(2, pe) leaves P and L invariant and |P| = |L| = p2e − 1.
Lemma 2.2. Let G be a subgroup of GL(2, pe) isomorphic to SL(2, 5). If p > 5, then
every nonidentity element of G ﬁxes no element of P and L.
Proof. Let g be a nonidentity element of G and set g =
[
s t
u v
]
, where s, t, u, v ∈ K . If
g ﬁxes an element of P. Then one of the eigenvalues of g is 1. Since g ∈ G = [G,G] ⊂
SL(2, pe), g is similar to
[
1 0
k 1
]
for some k ∈ K . By assumption p  | |G|, hence g = 1, a
contradiction. 
We can check the following:
(a,b)g =
{
 va+t
ua+s ,
b
ua+s
if ua + s = 0,
ub if ua + s = 0, (c)g =
{
 v
u
,−c
u
if u = 0,
sc if u = 0.
Assume g ﬁxes an element a,b ∈ L. Then ua + s = 0 and a = va+tua+s , b == bua+s . Hence
au + s = 1, av + t = a. If u = 0 or v = 1, then g =
[
1 t
0 1
]
or
[
1 0
u 1
]
, respectively.
This implies that g is an element of order p, contrary to the assumption that p > 5. Thus
1−s
u
= t1−v . From this, tr(g) = s + v = 2 and so g is similar to
[
1 k
0 1
]
for some k ∈ K , a
contradiction. Similarly, we can show that (c)g = c.
(I) A construction of a (12, 5, 11, 2)-difference set in Alt (5):
Let K = GF(11) and set x1 =
[
7 2
6 5
]
, x2 =
[
1 7
6 10
]
, x3 =
[
10 1
9 1
]
and Z =
〈−I2〉, where In is the identity matrix of size n. Then x31 ≡ x22 ≡ x23 ≡ (x1x2)3 ≡
(x2x3)3 ≡ (x1x3)2 ≡ 1 (modZ). Set G = 〈x1, x2, x3〉 and H = 〈x1, x2〉. Then G and H
are subgroups of SL(2, 11). On the other hand, setting y1 = (2, 5, 4), y2 = (1, 4)(2, 5)
and y3 = (1, 3)(2, 5), we have y31 = y22 = y23 = (y1y2)3 = (y2y3)3 = (y1y3)2 = 1. Hence
we can deﬁne a surjective homomorphism  from G to Alt (5) such that (xi) = yi for
i ∈ {1, 2, 3}. ByExample 19.8 of [4] and the simplicity ofAlt (5), we haveG/Z  Alt (5) ⊃
H/Z  Alt (4) and so G  SL(2, 5). We note that 〈y1〉  Z3, 〈y1〉〈y2, yy12 〉  Alt (4) ⊂
Alt (5) = 〈y1〉〈y2, yy12 〉〈y4〉, where yy12 = y−11 y2y1 and y4 = y1y2y3 = (1, 4, 2, 5, 3). Set
x4 = x1x2x3. Then, as  is a homomorphism, we have the following:
G = ±{1, x1, x21 }{1, x2, xx12 , x2xx12 }{1, x4, x24 , x34 , x44 }. (2)
Let P and L be as before. Then |P| = |L| = |G| = 120. It follows from Lemma 2.2
that G acts regularly on P and L. For a point (1, 0) ∈ P and a line  = {1} × K , we set
D = {g ∈ G | (1, 0)g ∈ }. ThenD = {g ∈ G | (g)1,1 = 1}, where (g)ij is the (i, j)-entry
of g. Therefore we have the following:
182 Y. Hiramine / Journal of Combinatorial Theory, Series A 110 (2005) 179–191
Lemma 2.3. The following hold:
(i) |D| = 11.
(ii) Let U be the set of diagonal matrices in G. Then Z(G)U = 〈x4〉  Z10, where
x4 = x1x2x3 =
[
8 0
0 7
]
.
(iii) Let d1, d2 ∈ D and assume that d1d−12 ∈ U . Then d1 = d2.
(iv) Let d1, d2, d3, d4 ∈ D. If d1d−12 = d3d−14 , then either (1) d1 = d2 and d3 = d4 or (2)
d1 = d3 and d2 = d4.
Proof. (i) follows immediately from the regularity of G on P. Clearly |U |10 and as
x1x2x3 =
[
8 0
0 7
]
∈ G, we have (ii). Since (d1)1,1 = (d2)1,1 = 1, we can verify (iii).
Assume d1d−12 = d3d−14 and d1 = d2. Then (1, 0)d1d−12 = (1, 0)d3d−14 = (u, v)
for some (u, v) ∈ P, (u, v) = (1, 0). Set di =
[
1 ai
bi ci
]
for i ∈ {1, 2, 3, 4}. Then
(1, 0)
[
1 a1
b1 c1
]
= (u, v)
[
1 a2
b2 c2
]
and (1, 0)
[
1 a3
b3 c3
]
= (u, v)
[
1 a4
b4 c4
]
. Hence u +
vb2 = u + vb4 = 1 and a1 = a2u + c2v, a3 = a4u + c4v. By the ﬁrst equation, v = 0
as (u, v) = (1, 0). From this, b2 = b4, which implies that d−12 d4(∈ G) is a triangular
matrix. As |G| is not divisible by 11, d−12 d4 is a diagonal matrix . (iv) follows at once
from (iii). 
Applying (iii) and (iv) of Lemma 2.3, we have the following:
Proposition 2.4. Let G, D and U be as in Lemma 2.3. Then D is an afﬁne difference set of
order 11 in G(= SL(2, 5)) relative to U.
Using (2), we can verify the following:
D =
{[
1 0
0 1
]
,
[
1 7
6 10
]
(= x2),
[
1 4
3 2
]
(= −xx12 x44),
[
1 3
4 2
]
(= x1x4),
[
1 2
10 10
]
(= −x1x2x44),
[
1 9
5 2
]
(= x1xx12 x24 ),
[
1 8
8 10
]
(= −x1x2xx12 x44),
[
1 1
1 2
]
(= −x21x24 ),
[
1 5
9 2
]
(= x21x2x4),
[
1 6
7 10
]
(= −x21xx12 x44),
[
1 10
2 10
]
(= −x21x2xx12 x4)
}
.
As a corollary, we have
Proposition 2.5. Set D = {(2, 5)(3, 4), (1, 3, 4), (1, 3, 2, 4, 5), (1, 3)(2, 4), (2, 3)(4, 5),
(1, 4, 5), (1, 4, 5, 2, 3), (1, 5, 4), (1, 5, 4, 2, 3), (1, 3, 2, 5, 4), (1, 4, 3)}.ThenD is a (12, 5,
11, 2)-difference set in Alt (5) relative to U = 〈(1, 2, 3, 4, 5)〉.
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Proof. LetG,D and U be as in Lemma 2.3 and let  be as before. By the proof of Lemma
2.3(ii), (U) = (〈x1x2x3〉) = 〈y1y2y3〉 = 〈(1, 4, 2, 5, 3)〉 = 〈(1, 2, 3, 4, 5)〉. It follows
from Lemmas 2.1, 2.3(ii) and Proposition 2.4 that (D) is a (12, 5, 11, 2)-difference set
in (G) relative to 〈(1, 2, 3, 4, 5)〉. On the other hand, (D) = {(1),(x2),(−xx12 x44),
(x1x4),(−x1x2x44),(x1xx12 x24 ), (−x1x2xx12 x44),(−x21x24 ),(x21x2x4),(−x21xx12 x44),
(x21x2x
x1
2 x4)} ={e, y2, yy12 y44 , y1y4, y1y2y44 , y1yy12 y24 , y1y2yy12 y44 , y21y24 , y21y2y4, y21yy12 y44 ,
y21y2y
y1
2 y4} ={e, (1, 4)(2, 5),(1, 4, 2, 3, 5),(1, 4, 5, 2, 3),(2, 4)(3, 5), (1, 3, 4, 2, 5), (1, 3)
(2, 4), (1, 2, 5, 3, 4), (1, 2, 4, 5, 3), (1, 4)(3, 5), (1, 3)(2, 5)}, where e is the identity ele-
ment of Alt (5). Set D = (D)(2, 5)(3, 4) = {(2, 5)(3, 4), (1, 3, 4), (1, 3, 2, 4, 5), (1, 3)
(2, 4), (2, 3)(4, 5), (1, 4, 5), (1, 4, 5, 2, 3), (1, 5, 4),(1, 5, 4, 2, 3), (1, 3, 2, 5, 4),(1, 4, 3)}.
Then we have the proposition. 
Remark 2.6. Wehave chosen a translateD of(D) so thatD∩U = ∅. ThereforeAlt (5) =
UD ∪ U and we can verify that D = D(−1).
(II) A construction of a (30, 2, 29, 14)-difference set in Alt (5):
Let K = GF(29) and set x1 =
[
20 3
18 10
]
, x2 =
[
20 1
5 9
]
, x3 =
[
2 26
21 27
]
and G0 =
〈x1, x2.x3〉SL(2, 29), Z0 = 〈−I2〉. Let y1, y2 and y3 be as in the case (I). Since x31 ≡
x22 ≡ x23 ≡ (x1x2)3 ≡ (x2x3)3 ≡ (x1x3)2 ≡ 1 (modZ0), we can deﬁne a homomorphism
 from G0 to 〈y1, y2, y3〉(= Alt (5)) in a similar way as in (I). Then it follows that G0 =
±〈x1〉〈x2, xx12 〉〈x4〉  SL(2, 5),−1(e) = Z0 and G0/Z0  Alt (5). Set G = G0Z(⊂
GL(2, 29)), where Z =
〈[
7 0
0 7
]〉
 Z7. We can check that G acts regularly on P and L.
For a point (1, 0) ∈ P and a line  = {1} × K , we set D = {g ∈ G | (1, 0)g ∈ }. Then
D = {g ∈ G | (g)1,1 = 1}.
Let U0 and U be the set of lower triangular matrices in G0 and G, respectively. Since
K∗  Z28 and 7, 29  | |G0|, we have |U0|4. On the other hand, xx2x13 =
[
17 0
21 12
]
∈ G0,
hence U0 =
〈[
17 0
21 12
]〉
 Z4. Therefore U = U0Z  Z28. By a similar argument as in
case (I), we have the following:
Proposition 2.7. LetG( SL(2, 5)×Z7), U( Z28) andD(|D| = 29) be as above. Then
D is an afﬁne difference set of order 29 in G relative to U.
Set Mk = {g ∈ G0 | (g)1,1 = k} for k ∈ K . Then, as 77 ≡ 1 (mod 29),D = M1 ∪
76M7 ∪ 75M72 ∪ 74M73 ∪ 73M74 ∪ 72M75 ∪ 7M76 (⊂ GL(2, 29)). We can check that
M1 =
{[
1 0
0 1
]
,
[
1 1
3 4
]
,
[
1 8
7 28
]
,
[
1 6
20 5
]
,
[
1 5
17 28
]
,
[
1 27
13 4
]}
= {1, x24 , xx12 , x1x2xx12 x34 ,−x2xx12 x44 ,−x21x24 },
M7 =
{[
7 3
10 21
]
,
[
7 10
14 16
]}
= {x1x2xx12 x24 ,−x21x2xx12 x34},
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M72(=M20) =
{[
20 1
5 9
]
,
[
20 3
18 10
]
,
[
20 22
27 8
]
,
[
20 11
25 8
]
,
[
20 17
10 10
]
,
[
20 16
13 9
]}
= {x2, x1,−xx12 x34 ,−x1x44 ,−x1x2,−x21x34},
M73(=M24)=
{[
24 6
20 28
]
,
[
24 22
25 0
]}
= {−x1x2x24 ,−x21x44 },
M74(=M23)=
{[
23 24
3 12
]
,
[
23 27
22 12
]}
= {x2x24 , x21xx12 x24 },
M75(=M16)=
{[
16 28
18 8
]
,
[
16 10
12 13
]
,
[
16 19
15 7
]
,
[
16 21
14 13
]
,
[
16 17
16 8
]}
= {x1x4, x1x2x44 , x1x2xx12 x44 ,−x2xx12 x4,−x1x34},
M76(=M25) =
{[
25 4
4 3
]
,
[
25 27
13 28
]
,
[
25 7
23 3
]
,
[
25 1
3 28
]
,
[
25 24
14 10
]
,
[
25 10
22 10
]}
= {xx12 x24 , x1xx12 x44 , x21x2xx12 x24 ,−x34 ,−x44 ,−x21xx12 x4}.
Set D1 = ⋃0 i6 M7i (⊂ G0). Clearly Z(G) = Z0 × Z ⊂ U . Since G/Z(G) =
G0Z(G)/Z(G)  G0/Z0  Alt (5), (D1) is a (30, 2, 29, 14)-difference set in Alt (5)
relative to 〈(2, 3)(4, 5)〉(= 〈(xx2x13 )〉) by Lemma 2.1 and Proposition 2.7. Set D =
(D1)(1, 2)(3, 4). Then, by a similar way as in the proof of Proposition 2.5, we have
the following.
Proposition 2.8. SetD = {(1, 2)(3, 4), (2, 4, 5), (3, 4, 5), (1, 3)(2, 5), (3, 5, 4), (2, 5, 4),
(1, 2)(4, 5), (1, 3)(4, 5), (1, 3, 4, 2, 5), (1, 2, 5, 3, 4), (1, 2, 5, 4, 3), (1, 4, 3, 5, 2),(1, 3, 4,
5, 2), (1, 5, 2, 4, 3),(1, 5)(2, 4),(1, 4)(3, 5),(1, 5, 4),(1, 4, 5),(1,3,2, 4, 5), (1, 2, 3, 5, 4),
(2, 4)(3, 5), (1, 4, 5, 3, 2), (1, 5, 4, 2, 3), (1, 4, 2), (1, 3, 5), (1, 2, 4), (1, 5, 3), (1, 4, 2, 3,
5), (1, 5, 3, 2, 4)}. Then D is a (30, 2, 29, 14)-difference set in Alt (5) relative to U =
〈(2, 3)(4, 5)〉( Z2).
Remark 2.9. Wehave chosen a translateD of(D1) so thatD∩U = ∅, Alt (5) = UD∪U
and D = D(−1).
In the rest of this paper we use the following notations:
Notation 2.10. We assume that D is a (m, u, k, )-difference set in G(= Alt (5)) relative
to a subgroup U of G, where (m, u, k, ) ∈ {(12, 5, 11, 2), (20, 3, 19, 6), (30, 2, 29, 14)}.
Exchanging D for Dx if necessary we may assume the following:
U ∩D = ∅, |Ux ∩D| = 1 (∀x ∈ G \ U). (3)
We always regard G as a 3-transitive permutation group on  = {1, 2, 3, 4, 5}. Let  be
a natural isomorphism from G to the group of permutation matrices of size 5. Let A =∑
d∈D (d) and set A = (aij ). Let G(i,j) the set of elements of G such that ig = j for
i, j ∈ . Denote by Jm,n the m× n all one matrix. Set I = I5 and J = J5,5.
Y. Hiramine / Journal of Combinatorial Theory, Series A 110 (2005) 179–191 185
Lemma 2.11. The following hold:
(i) aij = |G(i,j) ∩D| for i, j ∈ .
(ii) AAT = kI + 12J −  · (U).
(iii) AJ = JA = kJ .
Proof. Bydeﬁnition, (i) and (iii) are obvious. SinceDD(−1) = k+(G−U),(D)(D(−1))
= kI + ((G) − (U)). As |G(i,j)| = 12, we have (G) = 12J . On the other hand,
as (g) is an orthogonal matrix for every g ∈ G, AT = ∑d∈D (d−1). Therefore (ii)
holds. 
3. Non-existence of (20, 3, 19, 6)-difference set in Alt(5)
In order to prove our theorem, we ﬁrst show that there is no (20, 3, 19, 16)-difference set
in G(= Alt (5)). Suppose there exists a difference set D with such parameters relative to a
subgroup U  Z3 of G satisfying (3). We may assume that U = 〈(3, 4, 5)〉.
Lemma 3.1. AAT =


73 72 72 72 72
72 73 72 72 72
72 72 85 66 66
72 72 66 85 66
72 72 66 66 85

 .
Proof. As U = 〈(3, 4, 5)〉, (U) =
[
3I2 O
O J3,3
]
. Applying Lemma 2.11(ii), we have the
lemma. 
Lemma 3.2. Set A =
[
P Q
R B
]
, where P,Q,R and B are 2 by 2, 2 by 3, 3 by 2 and 3 by 3
matrices, respectively. Then the following hold:
(i) P =
[
3 4
4 3
]
,Q =
[
4 4 4
4 4 4
]
and R =

 4 44 4
4 4


.
(ii) B has a constant row and column sum of 11 and BBT =

 53 34 3434 53 34
34 34 53


.
Proof. Set H = G1, the stabilizer of 1. Then U is a subgroup of H. Let j ∈  and fj an
element of G such that 1fj = j . Then G(1,j) = Hfj . As H ⊃ U , Hfj is a union of right
cosets of U. Hence a1,j = |Hfj ∩ D| = 3 or 4 according as i = 1 or i = 1 by (3) and
Lemma 2.11(i). Similarly a2,j = 3 or 4 according as i = 2 or i = 2. Thus P =
[
3 4
4 3
]
andQ =
[
4 4 4
4 4 4
]
.
186 Y. Hiramine / Journal of Combinatorial Theory, Series A 110 (2005) 179–191
Let i ∈  \ {1, 2}. By (3) and Lemma 3.1,
ai1 + ai2 + ai3 + ai4 + ai5 = 19, (4)
3ai1 + 4ai2 + 4ai3 + 4ai4 + 4ai5 = 72, (5)
4ai1 + 3ai2 + 4ai3 + 4ai4 + 4ai5 = 72. (6)
From (5) and (6), ai1 = ai2.This, togetherwith (4), gives ai1 = ai2 = 4 and ai3+ai4+ai5 =
11. Applying Lemma 3.1 we have (i) and (ii). 
Set B = (bij ). By Lemma 3.2, we have {bi1, bi2, bi3} = {b1j , b2j , b3j } = {1, 4, 6}.
Moreover, exchanging D for Dx for a suitable x ∈ U if necessary, we may assume that
b1,1 = 1 and that B is one of the following:
B1 =

 1 4 64 6 1
6 1 4

 , B2 =

 1 4 66 1 4
4 6 1

 , B3 =

 1 6 44 1 6
6 4 1

 , B4 =

 1 6 46 4 1
4 1 6

 .
Lemma 3.3. We have either A = A1 or A2 up to equivalence, where
A1 =


3 4 4 4 4
4 3 4 4 4
4 4 1 4 6
4 4 4 6 1
4 4 6 1 4

 , A2 =


3 4 4 4 4
4 3 4 4 4
4 4 1 4 6
4 4 6 1 4
4 4 4 6 1


Proof. LetBi (1 i4) be as above. SetP =

 1 0 00 0 1
0 1 0


. ThenPB1P = B4 andPB2P =
B3. On the other hand,Aut(G) = Sym(5)G = Alt (5) and the normalizer ofU in Sym(5)
is 〈(4, 5)〉U . Since ((4, 5)) =
[
I2
P
]
, the lemma holds. 
By Lemma 2.11(i) and Lemma 3.3, we have one of the following:
Case 1: A = A1 and
|G(3,3) ∩D| = |G(4,5) ∩D| = |G(5,4) ∩D| = 1. (7)
Case 2: A = A2 and
|G(3,3) ∩D| = |G(4,4) ∩D| = |G(5,5) ∩D| = 1. (8)
The steps for a computer search are as follows:
Step 1: Select one element from each coset Ug(= U) and get a set of right coset repre-
sentatives D = {r1, r2, . . . , r19} of size 19 using (7) or (8).
Step 2: Compute the summationM =∑1 i19 (ri).
Step 3: IfM = A1 or A2, then check DD(−1) = 19+ 6(G− U).
Thus, we can verify the nonexistence of such a difference set D by a computer search.
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4. A classiﬁcation of relative difference sets in Alt(5)
In this section we determine all relative difference sets in Alt (5). We use the notations
deﬁned in Notation 2.10.
(I) (12, 5, 11, 2)-difference sets in Alt (5):
The right coset decomposition of Alt (5) by U(= 〈(1, 2, 3, 4, 5)〉) is as follows:
Alt (5)=U + U(3, 4, 5)U + U(3, 5, 4)+ U(2, 3)(4, 5)+ U(2, 3, 4)+ U(2, 3, 5)
+U(2, 4, 3)+ U(2, 4, 5)+ U(2, 4)(3, 5)+ U(2, 5, 3)+ U(2, 5, 4)
+U(2, 5)(3, 4),
where
U = {e, (1, 2, 3, 4, 5), (1, 3, 5, 2, 4), (1, 4, 2, 5, 3), (1, 5, 4, 3, 2)} ,
U(3, 4, 5) = {(3, 4, 5), (1, 2, 4, 3, 5), (1, 3, 2), (1, 4)(2, 5), (1, 5, 4, 2, 3)},
U(3, 5, 4) = {(3, 5, 4), (1, 2, 5), (1, 3)(2, 4), (1, 4, 5, 3, 2), (1, 5, 2, 3, 4)},
U(2, 3)(4, 5) = {(2, 3)(4, 5), (1, 2, 5, 3, 4), (1, 3, 5), (1, 4, 2), (1, 5, 2, 4, 3)},
U(2, 3, 4) = {(2, 3, 4), (1, 2, 5, 4, 3), (1, 3, 2, 4, 5), (1, 4)(3, 5), (1, 5, 2)},
U(2, 3, 5) = {(2, 3, 5), (1, 2)(4, 5), (1, 3, 4, 2, 5), (1, 4, 3), (1, 5, 3, 2, 4)},
U(2, 4, 3) = {(2, 4, 3), (1, 2, 3, 5, 4), (1, 3)(2, 5), (1, 4, 5), (1, 5, 3, 4, 2)},
U(2, 4, 5) = {(2, 4, 5), (1, 2)(3, 4), (1, 3, 2, 5, 4), (1, 4, 2, 3, 5), (1, 5, 3)},
U(2, 4)(3, 5) = {(2, 4)(3, 5), (1, 2, 3), (1, 3, 4, 5, 2), (1, 4, 3, 2, 5), (1, 5, 4)},
(U(2, 5, 3) = {(2, 5, 3), (1, 2, 4), (1, 3, 5, 4, 2), (1, 4, 5, 2, 3), (1, 5)(3, 4)},
U(2, 5, 4) = {(2, 5, 4), (1, 2, 4, 5, 3), (1, 3, 4), (1, 4, 3, 5, 2), (1, 5)(2, 3)},
U(2, 5)(3, 4) = {(2, 5)(3, 4), (1, 2)(3, 5), (1, 3)(4, 5), (1, 4)(2, 3), (1, 5)(2, 4)}.
By a similar argument as in Section 3, we have
AAT =


33 22 22 22 22
22 33 22 22 22
22 22 33 22 22
22 22 22 33 22
22 22 22 22 33

 .
Hence, the set of entries of each row of A is {0, 2, 2, 3, 4}. Since U is transitive on , we
may assume that a1,1 = 0. It follows that:
D ∩G1 = ∅. (9)
Using (9), we know that D is one of the following by a computer search.
(i) D1 = {(1, 2, 3, 4, 5), (1, 5, 4, 2, 3), (1, 4, 5, 3, 2), (1, 5, 2, 4, 3), (1, 2, 5, 4, 3), (1, 5, 3,
2, 4), (1, 5, 3, 4, 2), (1, 3, 2, 5, 4), (1, 4, 3, 2, 5), (1, 3, 5, 4, 2), (1, 4, 3, 5, 2)},
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(ii) D2 = {(1, 3, 5, 2, 4),(1, 5, 4, 2, 3),(1, 4, 5, 3, 2),(1, 2, 5, 3, 4),(1, 2, 5, 4, 3),(1, 3, 4,
2, 5), (1, 5, 3, 4, 2), (1, 4, 2, 3, 5), (1, 4, 3, 2, 5), (1, 4, 5, 2, 3), (1, 2, 4, 5, 3)},
(iii) D3={(1, 4, 2, 5, 3),(1, 2, 4, 3, 5),(1, 5, 2, 3, 4), (1, 5, 2, 4, 3), (1, 3, 2, 4, 5), (1, 5, 3,
2, 4), (1, 2, 3, 5, 4), (1, 3, 2, 5, 4), (1, 3, 4, 5, 2), (1, 3, 5, 4, 2), (1, 4, 3, 5, 2)},
(iv) D4 = {(1, 5, 4, 3, 2), (1, 2, 4, 3, 5),(1, 5, 2, 3, 4),(1,2,5,3,4),(1, 3, 2, 4, 5),(1, 3, 4,
2, 5), (1, 2, 3, 5, 4), (1, 4, 2, 3, 5), (1, 3, 4, 5, 2), (1, 4, 5, 2, 3), (1, 2, 4, 5, 3)}.
Lemma 4.1. Every (12, 5, 11, 2)-difference set in Alt (5) is equivalent to D deﬁned in
Proposition 2.5.
Proof. As we have shown above, any (12, 5, 11, 2)-difference set inAlt (5) is equivalent to
Di for some i ∈ {1, 2, 3, 4}. On the other handwecanverifythatD1=(D(1, 4)(2, 3))(1,2,4,3),
D2 = D(1, 4)(2, 3), D3 = D(1, 4)(2, 3),D4 = (D(1, 4)(2, 3))(1,3,4,2). Thus the lemma
holds. 
(II) (30, 2, 29, 14)-difference sets in Alt (5):
Let D be a (30, 2, 29, 14)-difference sets in G(= Alt (5)) relative to U. We may assume
that D ∩ U = ∅ and U = 〈t〉, where t = (2, 3)(4, 5). Then the following holds.
Lemma 4.2. a11 = 5 and a1j = ai1 = 6 for any i, j ∈ {2, 3, 4, 5}.
Proof. Set H = G1, the stabilizer of 1. Choose yi ∈ G so that 1yi = i for i ∈  \ {1} and
set y1 = 1. Then G = Hy1 + Hy2 + Hy3 + Hy4 + Hy5. We note that Hyj is the set of
elements x ∈ G such that 1x = j . LetH = Uh1+Uh2+Uh3+Uh4+Uh5+Uh6 be the
right coset decomposition ofH byU, where h1 = 1. ThenG =⋃1 j5 ⋃1 i6 Uhiyj .
Since |D ∩ U | = 0 and |D ∩ Ug| = 1 if Ug = U , it follows that |D ∩ Uhiyj | = 0 if
i = j = 1 and 0 otherwise. Hence
a1,j = |D ∩Hyj | =
{
5 if j = 1,
6 if j = 1. (10)
By a similar argument as in Section 3, we have
AAT = 29I + 14(12J − I − (t)) =


a b b b b
b d c b b
b c d b b
b b b d c
b b b c d

 , (11)
where a = 169, b = 168, c = 154, d = 183. Hence a11ai1 + a12ai2 + a13ai3 + a14ai4 +
a15ai5 = 168 for i = 1. Moreover ai1 + ai2 + ai3 + ai4 + ai5 = 29 by Lemma 2.11. By
(10), we have ai1 = 6 for every i = 1. Thus the lemma holds. 
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Let B = (aij )2 i,j5 be a 4× 4 submatrix of A. By (11) and Lemma 4.2, we have
BBT =


147 118 132 132
118 147 132 132
132 132 147 118
132 132 118 147

 . (12)
By Lemma 4.2, B has a constant row sum of 23 and column sum of 23. Moreover, by
(12) a2i2+ a2i3+ a2i4+ a2i5 = 147. Hence we can check that {ai2, ai3, ai4, ai5} = {3, 5, 7, 8}
or {4, 5, 5, 9} for i ∈ {2, 3, 4, 5} by a computer search. Moreover, we can easily check that
4x + 5y + 5z+ 9u ∈ {118, 132} when {x, y, z, y} = {4, 5, 5, 9} or {3, 5, 7, 8}. Therefore
{ai2, ai3, ai4, ai5} = {3, 5, 7, 8} ∀i = 1. (13)
Since G(= Alt (5)) is 3-transitive on , exchanging D for Dg for a suitable g ∈ G, we
may assume that A has the following forms:
A =


5 6 6 6 6
6 ∗ ∗ ∗ ∗
6 ∗ ∗ ∗ ∗
6 ∗ ∗ 3 ∗
6 ∗ ∗ ∗ 3

 . (14)
By (12)–(14), B has one of the following form:
(i)


∗ ∗ 7 5
∗ ∗ 5 7
∗ ∗ 3 8
∗ ∗ 8 3

 (ii)


∗ ∗ 5 7
∗ ∗ 7 5
∗ ∗ 3 8
∗ ∗ 8 3

 . (15)
ExchangingD forDt if necessary, we assume that B is of type (i). Therefore, by (12) and
(13), B is one of the following:
B1 =


8 3 7 5
3 8 5 7
7 5 3 8
5 7 8 3

 , B2 =


3 8 7 5
8 3 5 7
5 7 3 8
7 5 8 3

 .
Thus A is one of the following:
A1 =
[
5 6J
6J B1
]
, A2 =
[
5 6J
6J B2
]
. (16)
The right coset decomposition of G by U(= 〈(2, 3)(4, 5)〉) is as follows:
Alt (5)=U + U(3, 4, 5)+ U(3, 5, 4)+ U(2, 3, 4)+ U(2, 3, 5)+ U(1, 3, 2)
+U(1, 3, 4, 5, 2)+ U(1, 3, 5, 4, 2)+ U(1, 3, 4)+ U(1, 3, 5)
+U(1, 3, 5, 2, 4)+ U(1, 2)(4, 5)+ U(1, 2, 3, 4, 5)
+U(1, 2, 3, 5, 4)+ U(1, 2)(3, 4)+ U(1, 2)(3, 5)+ U(1, 2, 4, 3, 5)
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+U(1, 5, 4, 3, 2)+ U(1, 5, 2)+ U(1, 5, 3, 4, 2)+ U(1, 5, 4)
+U(1, 5)(3, 4)+ U(1, 5, 2, 3, 4)
+U(1, 4, 5, 3, 2)+ U(1, 4, 5)+ U(1, 4)(3, 5)+ U(1, 4, 2)
+U(1, 4, 3, 5, 2)+ U(1, 4, 2, 3, 5)+ U(2, 4)(3, 5).
The procedure of the computer search is as follows:
(i) Select one element from each cosetUg(= U) and get a set of right coset representatives
D = {r1, r2, . . . , r29} of size 29.
(ii) Compute the summationM =∑1 i29 (ri).
(iii) IfM = A1 or A2, then check DD(−1) = 29+ 14(G− U).
Thus we obtain the following two (30, 2, 29, 14)-difference sets.
D1 = {(3, 4, 5), (3, 5, 4), (2, 4, 5), (2, 5, 4), (1, 3)(4, 5), (1, 3, 4, 5, 2), (1, 3)(2, 5),
(1, 3, 2, 4, 5), (1, 3, 5), (1, 3, 4, 2, 5), (1, 2)(4, 5), (1, 2, 4), (1, 2, 3, 5, 4),
(1, 2)(3, 4), (1, 2, 5, 4, 3), (1, 2, 5, 3, 4), (1, 5, 3), (1, 5, 4, 2, 3), (1, 5, 2, 4, 3),
(1, 5, 4), (1, 5, 3, 2, 4), (1, 5)(2, 4), (1, 4, 5, 3, 2), (1, 4, 5), (1, 4)(3, 5), (1, 4, 2),
(1, 4, 3, 5, 2), (1, 4, 2, 3, 5), (2, 4)(3, 5)},
D2 = {(3, 4, 5), (3, 5, 4), (2, 4, 5), (2, 5, 4), (1, 3)(4, 5), (1, 3)(2, 4), (1, 3, 5, 4, 2),
(1, 3, 2, 4, 5), (1, 3, 5), (1, 3, 4, 2, 5), (1, 2)(4, 5), (1, 2, 4), (1, 2, 3, 5, 4),
(1, 2, 4, 5, 3), (1, 2)(3, 5), (1, 2, 5, 3, 4), (1, 5, 3), (1, 5, 4, 2, 3), (1, 5, 2, 4, 3),
(1, 5, 4), (1, 5)(3, 4), (1, 5, 2, 3, 4), (1, 4, 5, 3, 2), (1, 4, 5), (1, 4, 3, 2, 5), (1, 4, 2),
(1, 4, 3, 5, 2), (1, 4)(2, 5), (2, 4)(3, 5)}. Thus we have:
Lemma 4.3. Every (30, 2, 29, 14)-difference set in Alt (5) is equivalent to D deﬁned in
Proposition 4.3.
Proof. Let D1 and D2 be as above. Then D1 = D and we can verify that D2 = (D1(2, 3)
(4, 5))(2,4,3,5). Thus the lemma holds. 
We now prove our theorem.
Proof of Theorem. By Lemmas 4.1 and 4.3 we have the theorem. 
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